In terahertz transmission spectroscopy, there is a typical problem of thickness uncertainty, which hampers to determine precise optical parameters of samples. In order to resolve this experimental problem, a method optimizing sample thickness using singly subtractive Kramers-Kronig relations is proposed. For tens of micrometers thick water samples, we improved the accuracy of sample thickness by an order of magnitude (up to submicrometer) using the algorithm leading to obtain precise optical parameters of water. The broad applicability of the method is demonstrated for measuring various materials in addition to highly absorbing liquid water in the spectral range from 0.3 to 1.6 THz. 
Introduction
Terahertz time-domain spectroscopy (THz-TDS) has been widely applied to study optical properties of liquids, solids and gases in the terahertz region [1] [2] [3] since its development in the 1980s and 1990s [4, 5] . In transmission THz-TDS measurement, the complex optical parameters of samples are calculated from amplitude and phase change of THz time-domain pulses after propagating through samples. In the measurement, the sample thickness should be precisely determined for obtaining accurate optical parameters [6] . It has been shown that inaccuracy in the thickness results in erroneous value of optical constants for optically thick and thin samples as well as undesirable fringe patterns caused by multiple reflections for thin samples [7, 8] .
In the studies for optically thick samples, echoes occurring in the time domain signals are used for accurate optical parameters while for thin samples, minimization of unwanted ripples is the key idea for optimal optical constants [7, 8] . The methods are applicable to samples with low absorption, relatively high refractive index and/or more than a few hundreds of micrometer-thick materials. A following study made it possible to investigate samples about 100 μm with low indexes of refraction [9] by introducing an iterative algorithm using spatially moving average filter (SVMAF) for finding the accurate material parameters within the confidence intervals. Another study investigated sub-100 μm samples [10] by applying Fourier transform to the material parameters showing periodic oscillations making a discrete peak which has to be minimized. The authors mentioned that the system's bandwidth is the limiting factor of the smallest determinable thickness [10] .
For highly absorbing materials such as liquid water, transmitted THz intensity critically decreases at frequencies beyond 1.5 THz [11] . As the dynamic range critically decreases with thickness of water, typical sample thickness is about 100 μm or less. In these circumstances, thickness accuracy is critical for precise optical parameters [12] . There are some experimental approaches to this issue. Some determined accurate sample thickness of liquids using a piezoelectric translator [12] . Also, the liquid sample thickness can be measured from additional Fourier Transform Infrared (FTIR) spectroscopy measurement [11] , whereas uncertainty remains in every assembly of liquid cells. Here, we propose an algorithm of rigorous optical parameter extraction for high absorbing material without any additional measurements by thickness optimization using Kramers-Kronig (K-K) relations.
K-K relations correlate between real and imaginary parts of the optical constants without prior assumptions [13] . Typically, THz-TDS is a spectroscopy that does not require K-K relations, unlike many of the other spectroscopic tools to obtain the real part of the complex optical constant. In other words, this implies that we can obtain additional information about optical constants from K-K relations. In this context, researchers utilized K-K relations to detect and correct the misplacement error in the THz reflection [14] and to retrieve the lost phase information in the THz transmission spectroscopy [15] . In this paper, we propose an algorithm for accurate optical parameter of samples in the THz range, applicable even to high absorbing liquid water, using singly subtractive Kramers-Kronig (SSKK) relations as SSKK is applicable to finite bandwidth data and also provides rapid convergence of integral [16] . The broad applicability of the method is demonstrated for measuring various materials including highly absorbing liquid water in the spectral range from 0.3 to 1.6 THz.
Optical parameter extraction algorithm
The entire process of optical parameter extraction algorithm is depicted in Fig. 1 . The algorithm is organized in two parts: error minimization by introducing theoretical transfer function and thickness optimization using K-K relations. In the subsequent section, we present each part in detail. 
Error minimization by introducing theoretical transfer function
Here, we introduce an analytic formula of THz wave propagating a liquid sample. Figure 2 illustrates the experimental configuration of liquid sample measurement. The liquid is sandwiched between two polished THz windows and THz time-domain pulse profiles with and without liquid are measured. We choose z-cut quartz as a window material due to its lowloss and less-dispersion in the THz frequency range [17] . To avoid multiple reflections inside the window, 2 mm-thickness of quartz window is used.
When we introduce the transfer function, the sample is assumed to be homogeneous with parallel and planar surfaces. We also assume normal incidence of THz wave. Rationales of the assumptions are given elsewhere [8, 9] . 
The transfer function T(ω) is given by the ratio of reference
Here, n* win ( = n win + iκ win ), n* sam ( = n sam + iκ sam ) and n* air ( = n air + iκ air ) are complex refractive indices of window, liquid and air, respectively. c is the speed of light, and L and l denote window and sample (or air) thickness. m sam(ref) , a maximum number of multiple reflections inside liquid (air), is calculated using the following inequality. 
. 
Thickness optimization using Kramers-Kronig relations
Essence of the thickness optimization process is minimizing discrepancy between measured optical constant and calculated one by the K-K relations. Traditional K-K relations connect real and imaginary parts of optical constant (n* = n + iκ) as follows:
where P denotes the Cauchy principal value and n(∞) is the real part of optical constant at the high frequency limit. As the K-K relations require knowledge of refractive index in the whole frequency range, the integrands are known to be sensitive to information in the immeasurable frequency region. 
where l ini and Δω' are initially measured thickness of sample (air) and spectral resolution respectively. We set the value of n(∞) to be 1 and choose the anchor point ω 0 where deviation of optical constants with thickness variation is minimal.
Although SSKK relations have been successfully applied to the finite bandwidth [ω min , ω max ], the relations still have errors e(ω) due to frequency truncation [18] . We verified that the truncation errors from SSKK relations do not affect the value of optimized thickness.
It has been shown that thickness uncertainty is the biggest error source to material refractive index both of solids [19] and liquids [20] . However, thickness uncertainty does not make the biggest contribution to uncertainty in absorption. We also confirmed that absorption is more insensitive to thickness variation than the refractive index, which will be shown in the following section. Therefore, we defined total difference Diff KK between measured and calculated optical constants as below. Minimization of total difference Diff KK is conducted over 0.3-1.6 THz, and as a result, we determine both real and imaginary optical constants as well as optimized liquid thickness l opt simultaneously.
Experimental results
In this section we give some experimental results that validate the algorithm proposed in the previous section. Optical constants of samples were obtained using a THz-TDS system (TAS7500SP, ADVANTEST Co.) with a transmission module. In the THz-TDS experiment, temporal form of THz wave is recorded with and without a sample. The temporal THz waveform with the sample experiences both amplitude decrease and time delay in comparison to the waveform without the sample. After Fourier transformation of the THz waveform, we can simultaneously obtain both the transmittance T(ω) and phase shift φ(ω). Complex optical constant of the sample is calculated using the algorithm explained in the previous section.
Liquid water
The liquid samples were placed in a liquid cell with Teflon and aluminum spacers having various thickness (quoted thicknesses are 25, 56 and 100 μm for Teflon spacers and 50 μm for aluminum spacer) inserted between two z-cut quartz windows. All experiments were performed at room temperature. Typically, Teflon spacers are used for liquid cells [21, 22] . However, Teflon spacers are easy to compress such that mechanical measurement with an electronic micrometer does not provide the precise thickness. Therefore, researchers utilize FTIR measurements for determining the spacer thickness when it is assembled in the liquid cell as previously mentioned [11] . Still, spacer thickness measured by FTIR is not exactly the same with the thickness in a reassembled liquid cell used for the THz-TDS measurement. In order to compare the thickness obtained from the proposed algorithm and the measured thickness, we need a spacer that has low compressibility. In this sense, we first measured the optical parameter of liquid water with an aluminum spacer. Thickness of the spacer was measured with an electronic digital micrometer (Mitutoyo, No. 293-821) with 1 μm sensitivity and accuracy of ± 2 μm. The thickness measured with the micrometer screw is 49 μm for repeated 10 measurements. Figure 3 (a) THz field amplitude as a function of time after the transmission of the THz pulses through an empty liquid cell (reference) and through a cell filled with water (sample). Figure 3 (b) depicts refractive index difference between measured value and calculated value over the sample thickness. The minimum of this curve is located at 49.1 μm, which is in excellent agreement with the measured thickness. We also estimate variation of the optimized thickness and confirm that the optimal thickness does not change with errors from finite bandwidth summation in SSKK relations. The insert graph shows a SSKK-calculated and a measured absorption coefficients at the optimized thickness. Discrepancy between measured and SSKK-calculated absorption coefficients originates from the value of n(∞), however, the optimized thickness does not change with the value of n(∞). These results demonstrate the validity of our algorithm for obtaining optimized thickness. . We calculate influences of inaccurate sample thickness on optical constant to be 1.48 ± 0.06% per 1 μm for the real refractive index and 1.43 ± 0.48% per 1 μm for the absorption coefficient, while average experimental errors of repeat measurements are 0.14 ± 0.02% for the real refractive index and 0.37 ± 0.11% for the absorption coefficient. As uncertainties from imprecise sample thickness exceed those from experimental errors, accuracy of the sample thickness should be improved approximately by an order of magnitude. To decide the anchor point, sensitivities of refractive index and absorption coefficient to thickness variation are examined. As shown in Fig. 4 , absorption coefficient is less sensitive to thickness changing, and the anchor point has been chosen the minimum absorption coefficient variation for each measurement. For liquid water with a 50 μm-thick aluminum spacer, the average anchor point is 0.46 THz. 
Z-cut quartz and high-density polyethylene windows
As the algorithm does not have a priori assumptions about material properties it should be applicable to other materials. We obtain optical constants of mm-thick solids to demonstrate the broad applicability of the algorithm. Specifically, two different THz windows (1.e., z-cut quartz and high-density polyethylene (HDPE)) are chosen because accurate complex optical constant of the window is a prerequisite for determining precise optical constant of liquid samples. The measured thicknesses of a z-cut quartz window and a HDPE window are 2.070 and 2.979 mm, respectively. No multiple reflections are included in the time-domain signal for these window thicknesses. The optimized thickness of the quartz window is 2.066 mm as shown in Fig. 7(a) , which is a perfect match with the measured value within the measurement error. The obtained optical constants presented in Figs. 7(b) and 7(c) are consistent with the literature value [17] . For example, at 1 THz, the measure index and absorption are 2.11 and 0.11 cm For the HDPE window, the optimized thickness is 2.976 mm as shown in Fig. 8. (a) , which also shows good agreement with the measured value. The obtained optical constants are consistent with the literature value [25].
Conclusion
We propose an algorithm of rigorous optical parameter extraction for high absorbing material without any additional measurements by thickness optimization using SSKK relations. With this algorithm, we can simultaneously determine sample thickness and optical parameters of the highly absorbing liquid water in the spectral range from 0.3 to 1.6 THz. As the K-K relations are universal relations without any prior assumptions, this algorithm is not restricted to a particular system but suitable for many other experimental schemes.
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